The two most important equations of Wigner quantum mechanics are the Moyal and the stargenvalue equations. The latter equation is the Weyl-Wigner transform of the eigenvalue equation of standard operator quantum mechanics and, in the context of the Wigner formulation, is of identical importance. The aim of this letter is to present the formal solution of a general stargenvalue equation in arbitrary dimension, both for continuous and discrete spectra. The properties of the formal solution will be studied and a geometrical interpretation given in terms of star-hypersurfaces in quantum phase space. These results provide further insight into the mathematical structure of phase space quantum mechanics and are especially relevant for the construction of a complete formal solution of Wigner quantum mechanics in the Heisenberg picture.
Introduction
The Wigner formulation of quantum mechanics [1, 2, 3, 4, 5, 6, 7] has become a major field of research. This is probably due to the fact that Wigner theory formulates quantum mechanics in terms of "classical-like" objects. Because of this, it is perceived by many as more intuitive than the standard operator formulation [8, 9, 10, 11] and has been used to successfully address a considerable number of problems in a variety of fields of research ranging from the semiclassical limit of quantum mechanics [5, 12, 13, 14, 15, 16] , quantum chaos [17, 18] and hybrid dynamics [19, 20] to M-theory [21, 22, 23] .
The entire structure of Wigner quantum mechanics can be derived from the standard operator formulation through the Weyl-Wigner map. This is a map [1, 2, 24] W :Â → A(T * M) that attributes to each linear operatorÂ in the quantum algebra of observablesÂ a unique element of the algebra of functionals over the phase space T * M. For one-dimensional dynamical systems this map is of the form:
and can be applied both to a general observableÂ and to the density matrix |ψ(t) >< ψ(t)| yielding, in the first case a phase space function that is named the Weyl-symbol of the original operator, A(q, p) = W (Â) and in the second case the celebrated Wigner function of the system: f W (q, p; t) = 1 2πh
W (|ψ(t) >< ψ(t)|).
The algebraic structures of Wigner quantum mechanics are the star product * and the Moyal bracket [ , ] M . They are bothh-deformations of the algebraic structures of classical mechanics (the standard product and the Poisson bracket, respectively) [12, 13] , and can be defined through the relations: W (ÂB) = W (Â) [H(q, p), f W (q, p; t)] M , where H(q, p) is the Weyl symbol of the quantum HamiltonianĤ. Moreover, the Wigner function f W (q, p; t) yields all the basic physical predictions through the average value, < A(q, p; t) >= dqdpA(q, p)f W (q, p; t), and the marginal probability functionals,
both displaying an impressive similarity with their analogs in classical statistical mechanics. To produce more general predictions one has to introduce the stargenvalue equation, which is the Weyl-Wigner transform of the eigenvalue equation of the density matrix formulation of quantum mechanics [25, 26, 27] . For a one-dimensional system this equation reads:
where |a > is a general eigenstate ofÂ with associated (non-degenerate) eigenvalue a and g a (q, p) = W (|a >< a|) is the stargenfunction associated to the same eigenvalue. The stargenfunctions g a (q, p) can then be used to obtain the probabilities that a measurement of A(q, p) yield the eigenvalue a: P (A(q, p; t) = a) = dqdpg a (q, p)f W (q, p; t). This last equation constitutes a generalization of the marginal probability functionals (2) . The stargenvalue equation is one of the most important equations of Wigner quantum mechanics. Its solutions can literally be connected to any relevant structure of Wigner theory: as we have seen they appear in the probability functional of a general observable. They also contain the information about the mathematical structure of the physical space of states by providing the general basis to expand both the observables and the states of a general system. Furthermore, the energy stargenfunctions can also be related to the time propagator. It is thus not surprising that this equation has been extensively studied in the past. Its properties were systematically described in [12, 13, 25, 26] and solutions for several particular systems were presented in [13, 25, 26] .
In this letter we consider the problem of obtaining solutions for a general stargenvalue equation. The problem is found to be exactly solvable and a general formal solution will be presented both for continuous and discrete spectra and for an arbitrary dimensional system. The properties of the formal stargenfunctions will be studied in some detail and in particular, we will see that they can be given a geometrical interpretation in terms of what will be named star hypersurfaces in quantum phase space. Furthermore, using these stargenfunctions we will formulate Wigner quantum mechanics in the Heisenberg picture and present its complete formal solution. This set of results cast Wigner quantum mechanics in a (previous missing) mathematical form that fully parallels the corresponding structures of classical statistical mechanics.
This letter is organized as follows: in section 2 we discuss the general nature of projectors in standard operator quantum mechanics and use the Weyl-Wigner map to derive the formal solution of a general stargenvalue equation. In section 3 we formulate Wigner quantum mechanics in the Heisenberg picture and present its complete formal solution. In section 4 we prove that stargenfunctions are anh-deformation of the Dirac distribution and introduce the concept of star hypersurface. In section 5 the simple example of the harmonic oscillator is used to illustrate some of the previous results. Finally, in section 6 we present our conclusions.
Before we proceed let us make an important remark: some of the results leading to the construction of the formal solution may be known by some people working in the field and may even have been implicitly assumed in some published work. However and up to our knowledge they have not been properly and systematically presented. The results of the second part of the letter (after section 2) are, to the best of our knowledge, entirely new.
Projectors and stargenfunctions
The purpose of this section is to present several results concerning the nature of projectors in standard operator quantum mechanics and then use the Weyl-Wigner map to derive the corresponding stargenfunctions. We will consider the cases of continuous and discrete spectra, separately.
Continuous spectrum
Let us start by considering a one-dimensional system and a hermitian operatorÂ with nondegenerate continuous spectrum. Let |a > be the general eigenstate ofÂ with associated eigenvalue a. The explicit form of the projector |a >< a| which will be designated bŷ ∆(Â − a), is given by:
This result is quite easy to derive. In fact, let us introduce the two general states: |φ > and |ψ >. Using the representation ofÂ we have:
from which the identity (4) follows immediately.
Let us now consider a dynamical system of arbitrary (but finite) dimension. LetÂ be an observable with eigenstates |a, z > such thatÂ|a, z >= a|a, z > and z is a array of degeneracy indices. We then also have:
In fact:
which proves that the functional form of the projector∆(Â − a) is always given by eq. (4) independently of the dimension of the system. To proceed let us now consider the case of a two dimensional system, and letB be some operator with continuous spectrum, such that [Â,B] = 0. The set of simultaneous eigenvectors |a, b > (such thatÂ|a, b >= a|a, b > andB|a, b >= b|a, b >) spans the Hilbert space of the system. The projector |a, b >< a, b| is given by: |a, b >< a, b| =∆(Â − a)∆(B − b), a result that follows from:
The generalization to higher dimensions is straightforward: let {Â i , i = 1..n} be a complete set of commuting observables displaying continuous spectra. The set of eigenvectors |a 1 , .., a i , .., a n > (such thatÂ i |a 1 , .., a i , .., a n >= a i |a 1 , .., a i , .., a n >, ∀i = 1..n ) spans the Hilbert space of the system. The projector |a 1 , .., a i , .., a n >< a 1 , .., a i , .., a n | reads:
., a n >< a 1 , .., a i , .., a n | =∆(
Let us now address the problem of obtaining the explicit functional form of the nondiagonal elements | b >< a|. We start by considering the one-dimensional case and introduce the "translation" operator:T (λ)|a >= |a + λ >. IfB is such that [Â,B] = ih then T (λ) = exp(i/hλB), and we have:
where in the last step, we used the Baker-Campbell-Hausdorff formula. The operator |b >< a| will be denoted by∆(Â, b, a). It is trivial to check that∆(Â, b, a) satisfies the properties:
These results can be generalized to higher dimensions. We introduce the translation operatorsT i such that:T i (λ i )|a 1 , .., a i , .., a n >= |a 1 , .., a i +λ i , .., a n >, ∀i = 1..n. If {B i , i = 1..n} is another complete set of mutually commuting observables satisfying [Â i ,B j ] = ihδ ij thenT i (λ i ) = exp(i/hλ iBi ), and the general non diagonal projector reads:
., a n >< a 1 , .., a n | = = exp i/h{(a
Moreover, it is easy to prove that the single projector,
., a n >< a 1 , .., a i , .., a n |
is given by: |a
where |a i >< a i | is given by eq. (6) . Therefore the non-diagonal single projector (12) is of the general form (10) in any dimension. Finally, let us consider the problem of determining the general solution of the stargenvalue equation. We first consider the one-dimensional case. The most general stargenvalue equation for an arbitrary Weyl symbol A is written [25] :
A * g ba = bg ba and g ba * A = ag ba (14) and is the Weyl-Wigner transform of the corresponding eigenvalue equation in the density matrix formulation of quantum mechanics:Â|ψ >< φ| = b|ψ >< φ| and |ψ >< φ|Â = a|ψ >< φ|. The general solution of this last equation is given by the projector (10) and thus the Weyl-Wigner transform of (10) is the general solution of eq. (14):
the star exponential e * being defined by:
where A(q, p) * n is the n-fold starproduct of A(q, p) and A = A(q, p) = W (Â), B = B(q, p) = W (B). Furthermore, if a = b we are left with the diagonal element which is of the form:
We will see in section 4 that this object is ah-deformation of the Dirac delta function:
, the full identity being valid for those observables satisfying A * n = A n . The generalization to n-dimensional systems is easily carried out if we use the formal expression of the n-dimensional projector (given by eq. (11)) as our starting point. We get:
} is the single stargenfunction also given by (15) this time with A = A(q 1 , .., q n , p 1 , .., p n ) and B = B(q 1 , .., q n , p 1 , .., p n ). Moreover we introduced the notation ∆ * (A 1 , .., A n ; a ′ 1 , .., a ′ n ; a 1 , .., a n ) to designate the most general n-dimensional stargenfunction. From the proceeding discussion one is led to the conclusion that:
.., a n ), (19) an identity that is valid for all i = 1..n and that can be checked explicitly by substitution of eqs. (15, 18) in eq. (19) . In particular, if
., a i , .., a n ) is one of the a i -left and -right stargenfunctions of the observable A i . Furthermore, notice that the single stargenfunction ∆ * (A i , a ′ i , a i ) also satisfies the former stargenvalue equation (this time just for a single value of i). In fact, the relation between the single and the ndimensional stargenfunctions is very appealing: on the one hand they are related by eq. (18) and on the other hand, from eq.(12) they also satisfy:
., a n ; a 1 , .., a i , .., a n ) (20) We conclude that in the context of Wigner quantum mechanics the n-dimensional stargenfunctions can always be constructed from the single ones and therefore we shall henceforth focus on the one-dimensional case only.
To finish this section let us make an important remark: the standard operator formulation of quantum mechanics makes a clear distinction between states, which are elements of the Hilbert space, and observables, which are operators acting on that space. Wigner quantum mechanics, on the contrary, uses a common mathematical language to describe states and observables. They both are implemented as functionals over the quantum phase space. Consequently, projectors (which are operators in standard operator quantum mechanics) and eigenstates are undistinguishable both being described by the stargenfunctions. It follows that if the real symbol A(q, p) displays a non-degenerate spectrum then both the observables and the Wigner function can be expanded in terms of the functionals ∆ * (A, b, a) . For the Wigner function we have:
and equally for a general observable:
Furthermore, if X(q, p) = A(q, p) then eq. (22) reduces to: A(q, p) = daa∆ * (A(q, p)−a), this being the inverse formula of eq. (17) . Therefore the set of stargenfunctions ∆ * (A, a, b) provide a complete orthogonal basis both for the space of physical states and physical observables in Wigner quantum mechanics [26] . Of course, these relations find complete analogs in the density matrix formulation of quantum mechanics.
Discrete spectrum
The case of discrete spectrum is slightly more involved. Our first step will be to introduce the "continuous like notation" allowing for a formulation of the discrete spectrum case in terms of the continuous spectrum formalism. Using this notation the entire set of results of the last section can be easily translated to the discrete spectrum case. We shall restrict our attention to one-dimensional systems, the generalization to higher dimensions following exactly the same steps as in the last section.
LetÂ be an observable with discrete spectrum and let {|a n >} form a complete orthonormal set of eigenstates ofÂ with associated non-degenerate eigenvalues a n . We introduce the "continuous like notation" by defining the continuous projector:
which is identically zero for all values of a that do not belong to the spectrum ofÂ. The intention is to use the matrix elements |a >< a| and the continuous spectrum formalism to reproduce the discrete spectrum results. We start by proving that {|a >< a|, a ∈ R} is a complet set of projectors. Let then |φ > and |ψ > be two general states. We have:
< φ| da|a >< a|ψ >= da n δ(a−a n ) < φ|a n >< a n |ψ >= n < φ|a n >< a n |ψ >=< φ|ψ >,
and thus da|a >< a| = 1. We also have:
and thus, as expected |a >< a| is a well defined projector. Finally, we consider the probability distribution resulting from the continuous spectrum predictions. Let |ψ > be the state of the system. We have: P(A = a) = tr(|ψ >< ψ||a >< a|) = n δ(a − a n )| < ψ|a n > | 2 and thus:
= lim
if ∃n : a = a n as it should. Our primary result concerning the stargenfunctions ofÂ is that the projector |a >< a| (23) is also given by eq.(4), that is:
To see this explicitly we introduce two general states |ψ > and |φ > and proceed as in (5). We have:
The straightforward corollary being that∆(Â − a) = 0 if a = a n for all n.
The non-diagonal elements can also be easily obtained if one knows the explicit form of the translation operatorT (λ). Notice that in the discrete spectrum case this operator is not of the form used in eq. (10), given the fact that there is no operatorB satisfying [Â,B] = ih, [11] . For instance, ifÂ is the Hamiltonian of the harmonic oscillator then we haveT (λ = nwh) =α n andT (λ = nwh) = 0, whereα is the creation or the destruction operator and n ∈ Z.
UsingT (λ) we get: |b >< a| =T (b − a)|a >< a| =T∆(Â − a). Finally, the Weyl-Wigner transform of |b >< a| is easily carried out and yields the general stargenfunction of A(q, p),
3 Wigner quantum mechanics in the Heisenberg picture.
Our previous results lead to a complete formal solution of Wigner quantum mechanics in the Heisenberg picture. In this scheme the time evolution of a general observable A(q, p) is given by the equation of motion:
which displays the formal solution:
where U(t) = e −itH(q,p)/h * is the time propagator. Moreover, the general stargenfunction of A(q, p; t) is given by:
and thus it equally satisfies the time evolution equation:
The previous equation together with the relation A(q, p; t) = daa∆ * (A(q, p; t) − a) lead to an interesting conclusion: that the stargenfunctions ∆ * (A(q, p; t) − a) encapsulate the entire information concerning the time evolution of the system. In particular, the probability that a measurement of A(q, p; t) at time t yield the value a is given by:
and satisfies the following suggestive formula: P (A(q, p; t) = a) =< ∆ * (A(q, p; t) − a) >. Consequently:
Finally, notice that the probability predictions can be easily connected with the corresponding result in the Schrödinger picture if one notices that:
Star hypersurfaces
The resemblance between the stargenfunction ∆ * (A−a) and the standard Dirac distribution is quite remarkable. Not only does the probability functional -given by eq.(34)-fully copy the analogous object of classical statistical mechanics, but also the distribution ∆ * (A − a) satisfies:
These two properties suggest that the probability of finding the observable A with the value a is given (just like in classical statistical mechanics) by the integration of the Wigner distribution function f W over the phase space hypersurface A(q, p) = a. In fact one has to be more careful: the distribution ∆ * (A − a) does not in general identify the hypersurface A = a, due to the non-local nature of the star product. Indeed the distribution ∆ * (A − a) is a * -delta function which in general also assumes non zero values in phase space points not belonging to the hypersurface A = a. What we may state is that the distribution ∆ * (A − a) is a Dirac delta function in the star phase space. In other words, the distribution ∆ * (A − a) identifies the star hypersurface A = a. This interpretation leads immediately to some of the standard concepts of non-commutative geometry, a relation that might be quite promising and that should be further explored. The aim of this section is different: we want to study the functional form of a general star distribution ∆ * (A) and prove that ∆ * (A) can be cast as ah-deformation of the Dirac delta function. From eq. (16) and the definition of the star product we see that the star exponential can be written as:
where
. Let now m 1 + ... + m n−1 = s. From eqs. (17, 38) it is clear that ∆ * (A) can be cast as a power series inh:
and is also trivial to check that the zero order term (s = 0) of the previous expression is just δ(A). Hence, we conclude that ∆ * (A) is anh-deformation of δ(A).
To proceed let us calculate the explicit form of the former expansion up to the third order inh. From the definition of A * n (eq.(16)) we get after some quite extensive calculation:
where we introduce the notation:
. It follows that:
and therefore:
a result that suggests that ∆ * (A) can be expanded in terms of δ(A) and its derivatives, an indication that is also apparent from the formal expansion (39) and that if confirmed would provide a quite remarkable both analytical and geometrical characterization of the star distribution ∆ * (A).
A simple example: the harmonic oscillator
To illustrate the features of the preceding formalism let us consider the simple example of the harmonic oscillator with HamiltonianĤ = 1 2 (p 2 +q 2 ), where to make it simpler we made m =h = w = 1. In standard operator quantum mechanics the eigenvalue equation in the position representation is given byĤψ E (q) = Eψ E (q). This equation yields the ground state
q 2 which corresponds to the Wigner function [28] :
We would like to reproduce this result from the formal solution of the energy stargenvalue equation (3) . Using (23, 29) we know that:
where H(q, p) = W (Ĥ) and the extra term δ(0) = δ(E 0 − E 0 ) of the "continuous spectrum notation" was included. Let us then calculate ∆ * (H(q, p) − E 0 ) explicitly. The first step is to calculate:
where Ω n may be defined recursively by Ω 0 = 1 and Ω n+1 = Ω n * H. Given the explicit expression of H(q, p) the former relation may be written as Ω n+1 =ˆ Ω n , whereˆ = H + i/2Ĉ + 1/8D and the "phase space" operatorsĤ,Ĉ andD are given by:
substituting this result in eq.(45) we get: 
where n = 0, 1, 2..., and notice that:
Finally, we substitute the former expression in eq.(47) and the resulting expression in eq. (29) . It is then an easy task to show that (44) yields the exact expression of F
To proceed let us calculate the non-diagonal element 
whereT
is such thatT (1)|E 0 >= |E 1 >. It follows that:
a result that is in perfect agreement with the one that follows from the standard calculation:
The same procedure can be used to obtain the explicit form of the general Wigner function F W EnEm (q, p) for all n, m ∈ N .
Conclusions
Wigner quantum mechanics constitutes a formulation of quantum mechanics alternative, but equivalent to the standard operator formulation. The Wigner theory has been used to solve some specific, more practical problems [14, 15, 17, 18] in a variety of fields of research where its formulation seems to be more adjusted than the standard operator formulation. However, it is clear that its main advantage is conceptual and stems from its remarkable relation with classical statistical mechanics.
Still, one easily recognizes that the standard formulation of classical statistical mechanics is more fully developed than Wigner quantum mechanics. For instance, the concept and the properties of phase space hypersurfaces and its relation with probabilities, together with the Heisenberg picture formulation, are trivial subjects in classical statistical mechanics but have never been presented in the context of Wigner quantum mechanics.
The aim of this letter was to bring the mathematical structure of the Wigner formalism to a level more similar to that of classical statistical mechanics. We presented some of the mathematical structures that were previously missing in the Wigner formulation: i) the general solution of the stargenvalue equation, ii) its relation with the probability functionals, iii) its geometrical interpretation in terms of star hypersurfaces in the quantum phase space and iv) the Heisenberg picture formulation. For all these topics we proved that the Wigner formalism fully copies the structure of classical statistical mechanics. In fact the appealing statement that quantization is formally just a substitution of the standard product by the non-local star product also applies to the objects and structures considered in this letter.
Several important applications of the stargenfunctions were left for future research. We saw that the stargenfunctions provide an interesting (classical like) mathematical description of the space of physical states and of the space of observables. This might be particularly relevant for the field of constrained dynamical systems [29] where the characterization of the physical space of states is the main issue of any quantization program [30] . The geometrical characterization of the star hypersurfaces is another topic deserving further attention. This subject is closely related with another quite difficult issue: that of developing more powerful methods to obtain the analytical form of the stargenfunctions. Furthermore, the energy stargenfunctions might be easily related to the Feynman propagator. Such relation also deserves further investigation as it may provide a new physical interpretation as well as a new mathematical implementation of the functional integral.
